ATOMIC HEATS OF Cs,

distribution. The rapid rise from the minimum for
cesium suggests a rapid increase in the spectral distribu-
tion. Rubidium indicates a slower increase. Further
analysis does not seem warranted in this paper. Also no
procedure is apparent for examining the suggestion by
Jones? that the lattice may contribute a linear term to
the heat capacity and it has been assumed that the
linear heat capacity is associated with the electrons.
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The correlation function of the z components (parallel to the net magnetization) of two spins in a Heisen-
berg ferromagnet is computed by a Green function analysis. The results extend spin-wave theory to higher
temperatures, although they are not satisfactory near the Curie temperature. The Fourier transform of the
correlation function varies as 1/k for small k, with a more complicated behavior at large .

1. INTRODUCTION

HE spin-wave theory of the Heisenberg ferro-

magnet, valid at low temperatures, previously
has been extended to arbitrary temperature by the
method of double-time, temperature-dependent Green
functions.!'~ This theory yields both the magnetization
and the transverse correlation function (Sn%S,#), where
m and p label lattice sites and «, 8 can be either x or y
(the external magnetic field being parallel to the z axis).
The longitudinal correlation function (Swm*Sp?)—{(S?)?
which is somewhat more difficult to analyze, is the
subject of this paper.

The longitudinal correlation function is of direct
physical interest in several connections as, for example,
the thermodynamic energy and specific heat, the
magnetic scattering of neutrons, and the magnetic
susceptibility.

Several studies of the correlation function have been
carried out. Van Hove,® by analogy with the classical,
phenomenological, Ornstein-Zernicke® theory of fluctua-
tions, postulated that the longitudinal correlation
function has the Yukawa form e *"/r, both above and
below the Curie temperature, and thereby analyzed

* Work supported by the U. S. Office of Naval Research.
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the critical scattering of neutrons. To discuss the same
problem, De Gennes” used a generalized (wavelength-
dependent) molecular field model, and Elliott and
Marshall® employed a Bethe-Peierls-Weiss model ; these
models give the same functional dependence on distance
as postulated by van Hove. However, at low tempera-
tures the spin-wave theory yields a different form, the
Fourier transform of the correlation function varying as
1/k rather than as 1/(k*4«2). Recently, Kawaski and
Mori® have given a very thorough investigation of the
generalized susceptibility

8
x<k)=mﬁ[ﬁ~1 f dx<sk=s_k=<ihx>>—<skz><s~kz>] )

for the special case of spin 3. Here Si? is the Fourier
transform of Sw? Si*(#%\) is the Heisenberg operator
exp (—\iC)Si? exp(Aic), and B= (ksT)~". Although x (%)
is not directly related to the correlation function for
general %, in the limit of small % the quantity x(k)/u%8
approaches the Fourier transform of the correlation
function. Kawasaki and Mori find the functional form
1/k(k+r1)~x (k) below T, (with 1,y — 0 as T— T,),
agreeing with spin-wave theory in the limit of low &,
and they find x(&)~1/(k*+«?) above T..

By a Green function approach, we find the correlation
function for arbitrary spin. In the limit of low % the
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Fic. 1. Correlation functions for S=%, in the
face-centered cubic lattice.

Fourier transform of the correlation function varies as
1/k, agreeing precisely with spin-wave theory in the
low-temperature region. The results of the calculation
are shown in Figs. 1-4, in which we show the transverse
correlation function for nearest-neighbor spins (7'nn)
the transverse correlation function for next-nearest-
neighbor spins (Z'nnn), and the transverse self-correla-
tion (7o), as well as the corresponding longitudinal
correlations (Lnn, Lnnn, and L), for spins 3, %, 3, and
%, all in a face-centered cubic lattice. The magnetization
as a function of temperature, as predicted by the Green
function analysis of Ref. 3, is also shown in Fig. 5.
The decoupling approximation which we employ to
terminate the hierarchy of Green function equations is
that proposed by Callen.? The range of validity of that
approximation was clarified by a subsequent study of
decoupling procedures by Tahir-Kheli.* The Callen
decoupling consists of a particular choice of a mass
operator, whereas an attempt at a more rigorous
formulation of the Green function theory by Wortis!
suggests that an additional inhomogeneous term must
also appear. Tahir-Kheli inverted the problem to
investigate the form of this inhomogeneous term and of
the mass operator which would produce optimum agree-
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F16. 2. Correlation functions for S=%, in the
face-centered cubic lattice.
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10 M., Wortis, Ph.D. thesis, Harvard University, 1963 (un-

published).

AND H. B. CALLEN

ment with those results known rigorously in the spin-
wave region and in the high-temperature region by
Opechowski series expansions and Padé extrapolations.
His results indicate that the form of the mass operator
assumed by Callen is correct, that the inhomogeneous
term is large at all temperatures for spin %, but that for
spin % the inhomogeneous term is small for tempera-~
tures appreciably lower than the Curie temperature.
Hence the simple decoupling procedure used here is
expected to yield a theory which, for S#%, extends the
region of validity beyond the range of spin-wave theory.
Our results correspondingly agree with spin-wave
theory at low temperatures, but they become unreason-
able in the vicinity of the Curie temperature, as
expected. In particular the longitudinal and transverse
correlation functions do not become isotropic at the
Curie temperature in the absence of an applied field.

2. THE GREEN FUNCTION EQUATIONS

We consider a system described by an isotropic
exchange interaction between localized spins, plus the
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F1c. 3. Correlation functions for S=3%, in the
face-centered cubic lattice.

Zeeman interaction with an externally applied magnetic
field H.

je=— 3, J(m—p)Swu-S;—uH X Sp*. (2)

Here m and p label lattice sites, J(m—p) is a function
only of the distance between sites m and p, and uS is
the magnetic moment of each site.

Although we are interested in the quantity (Sm®Sp%)
it is convenient to consider the more general quantity

A@ (m—p)=(Sn* exp(aS,?)). ©)

By differentiation of A®@ with respect to the parameter
a and then taking the limit ¢ — 0 we can obtain the
desired quantity (Sm*Sp?). As shown in Ref. 3 the
introduction of the parameter ¢ facilitates the general-
ization of the Green function formalism to arbitrary
spin.
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In order to compute A@(m—p) we introduce the
double-time, temperature-dependent, retarded and
advanced Green function:

G@(gm,p; t—1)=(Sg"(); C@(m,p; 1)), (4)
where
C@(m,p; ¢)=Su*(t') exp[aSy* (1) 1S5~ ().  (5)
The Fourier transform Gg® (g,m,p), defined by
Gz (gm,p)
1 e
=] G@ (g,m,p; (—1)eiEE I (t—1), (6)

obeys? the equation of motion

EE —/‘H]GE(G) (g7m$ p)
1
= 2_[5g,p®(a)A(a) (m—g)—8gm(Smt exp (asz)Sp—ﬂ
T

+2 2 J(E—DUSE DS () =S () Se+(®);
f

XC@ (m,p; ))u, (7)
where
d d?
DW= (¢*—1)S(S+1)+ (e *+1)—— (e *—1)—. (8)
da da?

The higher-order Green functions in the last term of
Eq. (7) are expressed in terms of lower-order Green
functions by the decoupling recipe?

{(Sm®Sp*; C)) ;;’p (SHHUST; O
(59
28?2

(Sa=Sy)(Sut5 C)), (9)

whence
[E—uH ]G (g,m,p)

1
25—[5&1@(@1&(@ (m—g) —8g,m{Sm™ exp(aS,)Sy) ]
T

+2(5% J(g—H[Gx® (g,m,p) — G (f,m,p) ]
f
(S%)
SZ

2 J (=[S S¢"HG @ (fm,p)
f

— (S SHGe @ (gm,p)]. (10)

In order to solve Eq. (10) we define spatial Fourier
transforms of all quantities:

JR)=J (k)= J(g—fe* &P, (1
g—f

AR = T A@ m—gei @,

m—g

(12)
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Fic. 4. Correlation functions for S=1, in the
face-centered cubic lattice.

(Sm* exp(aSy?) Sy )k
=2 (Sut exp(aS;?) Sy et - (13)
m—p

Y (k,a)= 3 (exp(aS;p?) Sy=Sutet ==, (14)
m—p
and

Gr@ (k)= X Gu® (gm,p)e—irem—iks6p). (15)
m,p

In terms of these quantities, the equation of motion (10)
implies

[E - E(krf‘kZ) JGE (@ (kl,kZ)

1
=E~EZD<“>A<“) (ky) = (Su* exp(aS3?) Sy )wal,  (16)
™
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Fic. 5. Magnetization as a function of temperature, for various
spin values, in the face-centered cubic lattice.
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where
E(k)=pH~+2(5%J (0,k)
(5%
k' k'—k)y k' 7
e R LA TCON
and

The quantities (Sn* exp(aS,?)S, )k and ¢ (k,a) are
related, for permuting the factors in the trace,
(Swt exp(aSy) Sk
=(exp(aS,?)S,~ exp(—B3C)Su™ exp(B3C))x
=(exp(aSy) Sy Sut (@#B)). (19)
However, if Eq. (26) of Ref. 3 is substituted into Eq.

(4) of that reference, taking ¢=1%8, we obtain from the
last form of Eq. (19)

(Su™ exp(aSp) Sy )= ® (k,a). (20)
It was further shown in Ref. 3 that
¢ (k,0)= 0 (a)p (k) (21)
where
¢ (k)=[efF® 1], (22)
B(a)=D®Q(a), (23)
Q(a)=(e). (24)

Thus the equation for Gg@ (k1,k2) can be rewritten

[E—E(k+k) JGs (kyks)
1
=2—[«‘D“"A“‘) (k1) — O ()¢ (ko)ePE 0] (25)

and, noting that ©(a)=2(S?), the equation for E(k)
simplifies to
E (k) =uH+42(5%7(0,k)
2<Sz>2 ! ’ !
+—]§7§ % oK) J (K, k'—k). (26)

The discontinuity of the Green function across
the real axis (in the E plane) determines the corre-
lation function {(Swm*exp(aS;p?)S,~Sgt), or its Fourier
transform:

L@ (ki ko) = Y (Sw® exp(aS,?)Sy=S¢)
m,p

X g tk1e (g—m)—ikee (g~p)

(27)
The result follows directly from Eq. (25);

£ (I k) = [D@A® (ly) — O (0)g (ke) A5 ]
Xo(utks)  (28)

or

1
(Sm? exp(aSy?) Sy Sgh=— 3 [D@A@ (ky)
N2 k1, k2

— O(a)¢ (ko) efE =] (kg ko) eikr G—m)+ike e—p) | (29)
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We are interested in the special case g=:

5 [D@A® (k)

ki1, k2

1
(Sm® exp(a5y9) Sp=Syh) = ﬁ

— 0@ (ka)e? g (kurtko) et o-m . (30)

In the first term in the summation we make the
change of variables ky=k;+k,; in the second term we
let ki’=k;+ko; and in the left-hand member we use
the identity

Sy Spt=S(54+1)=S5p*— ($p?)? (31)

by means of which we can rewrite Eq. (30) in the form

I:S(S—H) —»d——;—z]A‘“’ (m—p)

da da?
=dD@A® (m—p)— O (0)[®du,p+¢*(m—p)], (32)
where )
<I>EZ—V— Zk ¢ (k) (33)
and .
¢(m—p) EEV— % ¢ (k) etk (m=p), (34)

Finally, by inserting the definition (8) for D(a),
Eq. (32) takes the form

@ (14®)e+d d
[ZZ—“’ ——S(S+ 1):|A(“> (m—p)
2

(1+®)e*—~® da
PO+ P2 (m—
_p@met Iy o
1-®(ee—1)
The solution of this differential equation is
dQ(a)
A m—p) ~(5920+ ———(599) |
a
Doy p+ ¢ (m—
p+¢*(m—p) (36)
(1+®)

That this is, in fact, a solution can be corroborated by
first noting that the first term of Eq. (36) is a solution
of the homogeneous equation, as was demonstratedin
Ref. 3. Introducing the second term of Eq. (36) into
(35) and multiplying both sides by [(1+®)e*—®] we
find a third-order differential equation for 2(e) which is
recognized as simply the derivative (d/da) of the
homogeneous equation satisfied by €(e). We further
note that the second term in Eq. (36) vanishes as
a— 0, so that A®(m—p)=(S?), as required by the
definition (3). This, plus the boundary conditions
imposed upon (and satisfied by) Q(e) in Ref. 3, deter-
mine Eq. (36) as the appropriate solution of the
differential Eq. (35).
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We find (S»%S,?) by differentiation of A@ (m—p):
((S9H—(S
B(1+9)
X [®0m p+¢*(m—p)].
In Ref. 3 it was shown that

a
(SaSy)=lim A (m—p)=(S)*+
a— a

(37

@QS-HC—Sa_ (1 +¢) ZS+le(S+1) a

Q(a)= (38)
[¢2S+1 — (1 _'_q;.) 2S+1]E (1 _|_q)) e%— @]

and

de0) (S—@)(1+&)25+14 (S+14-P)P2s+1
(59220 _ =D+ )

da (1+@)2S+1_¢.2S+1
whence
a%2(0)
($9)=—==S(SH+)~()(1+28).  (40)
a
Equation (37) can then be written as
(25+1)2928(14-3)28
(SuSy)—(59= 11—
E(1+¢)2S+1_¢2S+1:]2
X{®om'pt+o*(m—p)}. (41)

3. THE CORRELATION FUNCTION

To summarize, the longitudinal correlation function

Y. (m—p)=(Sn*Sp?)— (5% (42)
is given by
éam,p+¢2(m'— P)
A(m—p) =yt 43
Y:(m—p)=y 2 (1) (43)
where .0 is the value of ¥,(m—m):
P =((59)H— (S
25+1)2p25+1 (14 @) 28+1
=o(1+P)— ( (49

[(1 +q,) 2S+1__.<I)2$+1]2

The quantity & is the average value of the quasiboson
occupation number ¢ (k):

1
d=—73 ¢(k) (45)
N x
B (k) =[erP 0 1] (46)
and ¢(m— p) is the Fourier transform of ¢(k):
1
¢(m—p)=—3 ¢(k)e @ PN=¢(p—m). (47)
N k

The identification of ¢.° as the value of y,(m—m)

HEISENBERG FERROMAGNET A683
follows from mnoting that ¢(m—m)=®, so that the
fraction in Eq. (43) reduces to unity when p=m. We
also note that ¥.° does reduce to ((S%)%)—(S=)? [as
indicated in Eq. (44), following from Eq. (37) with
p=m], as it should.

The Fourier transform of the correlation function

vo(R)= T ¢, (m—p)et=p (47)
is then given by
¥ (k) =¥ [+ 2k o (K)p (k—K) ]/ (1+3). (48)

Combining these results with the transverse correla-
tion function,® we find the energy per ion as a function
of :

2
u=(30)/N = —nH(S’)—J(O)(SzY—E(SZ)% J (k)¢ (k)

| S(SHD—(SH(U+204(5)) 1
B(1+3) N?
X T ¢ ®e(K)J (k—K), (49

where (S?) is known in terms of & [see Eq. (39)] and
where, of course, the specific heat ¢, can be found by
differentiation of # with respect to 7.

4. LOW-TEMPERATURE BEHAVIOR

The function ® has been analyzed in Ref. 3 and at low
temperatures

3
<I>=s‘(%)73’2+fvf(%)75/2+7r2v2wf(%)r”2

+3/28)mE (B)F B +0(?), (51)

where 7 is of the order of ST/T., being given by the
relation

7=[(4r/3)87 (0)Sv]. (52)
w and » are constants defined in Ref. 3, and
§(m) EZln‘”‘ exp(—nBuH). (53)
As #K1, we can expand Eq. (44) in powers of &:
0
LA (25+1)%2+ (25+1)2(2542)p28+1
d(14d)
+0(®25+3),  (54)

The expansion of ¥, (m—p) therefore requires only the
calculation of ®(m—p) in a temperature series. By
standard expansion methods as used in the theory of
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spin waves, we find for the simple cubic lattice:
™
o(r) =23/2(0)73/2+ZTE/2[3Z5/2(0) —Zy2(D)+15Z52(2) ]

wp?

33 35 11
+_1_ET7/2[,2__Z7/2(()) —?Z7/2(1) +ZZ7/2 (2)

1 @H—lz @ﬂ+z m‘sfr4
60 7 ogg el f(E 25

+0(7%2Z4/2(0)) ,  (S5)
where
4T\* = r’rr
Zn(x)= <——) pome exp( —nf -—-—————>7-"r2z s
= fn
(56)
f= 106, (57)
and where
ra=|m—p| (58)

(a is the lattice constant).

The corresponding expressions for ¢ (m— p) for other
cubic lattices are similar in structure and will not be
given here. In the limit of small » (i.e., |m—p| of the
order of a few lattice constants) the coefficients Z,,(x)
can be expanded in powers of 7%, giving

Zm(x)=(%)I(sz)”[f(m‘l'x)—1—;77’2?(%+x+1)

+é<§>2(rr2)2f(m+x+2)+0(T3f°)J 59

and correspondingly
Y.(m—p)=[1—(25+1)%02542(S+1) (25 +1)%p2s+1

+o<<1>2s+3>][<bam,p+{@-—rz(wf@)rm

77|.2 2
) fe e+ | o0

When |m—p| is larger than a few lattice constants, the
coefficient Z,(x) is best calculated by the Euler-
Machlaurin sum formula. In the limit SuH<<1 and r>>1
the result is particularly simple:

zm<x>z(4~f—")z<rr2> (1) m+w~3/2(i)m+ﬂl2\—j; ,

do
(61)
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where a=7’r7/ f, whence
¢(m—p)~r[ri+ir?],
5. CONCLUSION

(r>>1, BuHK1). (62)

In the homogeneous decoupling approximation here
employed the longitudinal correlation function depends
on the spatial separation of the spins through a single
factor ¢(m—p). This factor is the Fourier transform of
the quasi-spin-wave occupation number [exp(BE (k)
—17%. The transverse correlation function {(Sn,%5,%)
is also simply (S%)¢ (m— p)+1(S*)om, p-

The longitudinal correlation function reduces properly
to ((§%)2)—(S*? when m=p; its asymptotic limit for
large |m—p| is exp(—2x- (m—p))/|m—p|? whereas
that of the transverse correlation function is

exp(—x: (m—p))/|m—p]|.

Near the Curie temperature the decoupling approx-
imation is inadequate, and we accordingly find that the
longitudinal and transverse correlation functions do not
become isotropic at 7. Thus, from Eq. (41) we easily
find

(SuSp?) (Su™Sp?) ¢(m—p)

<Smxsz>=<Sz>¢(m_p)TﬁT° 2

(63)

Now ¢(m—p) — 0 as [m—p| — o, so that the corre-
lation function becomes increasingly anisotropic for
large distances, at 7. Presumably the analysis is a
reasonable approximation at temperatures above the
spin wave region, but it is clearly not adequate near 7.

At low temperatures the correlation function agrees
with the first order Born approximation renormalization
of spin wave theory, as given by Dyson,!! for all spins
other than S=3.

The transverse correlation functions (7’0o, Z'nn, and
Tunn) and longitudinal correlation functions (Lo,
Lyn and Lpns) corresponding to the self-correlation,
nearest-neighbor spins, and next-nearest-nzighbor spins,
are shown for several spin values in a face-centered
cubic lattice in Fig. 1-4. The magnetization as a func-
tion of temperature, predicted by the Green function
analysis of Ref. 3, is also shown in Fig. 3.
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